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Abstract
Objective. To investigate the use of the risk-adjusted sequential probability ratio test in monitoring the cumulative occurrence
of adverse clinical outcomes.
Design. Retrospective analysis of three longitudinal datasets.
Subjects. Patients aged 65 years and over under the care of Harold Shipman between 1979 and 1997, patients under 1 year
of age undergoing paediatric heart surgery in Bristol Royal Infirmary between 1984 and 1995, adult patients receiving cardiac
surgery from a team of cardiac surgeons in London, UK.
Main outcome measure. Annual and 30-day mortality rates.
Results. Using reasonable boundaries, the procedure could have indicated an ‘alarm’ in Bristol after publication of the 1991
Cardiac Surgical Register, and in 1985 or 1997 for Harold Shipman depending on the data source and the comparator. The
cardiac surgeons showed no significant deviation from expected performance.
Conclusions. The risk-adjusted sequential probability test is simple to implement, can be applied in a variety of contexts,
and might have been useful to detect specific instances of past divergent performance. The use of this and related techniques
deserves further attention in the context of prospectively monitoring adverse clinical outcomes.
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The need for systems to monitor clinical performance has
been brought into particular focus by the report of the Bristol
Royal Infirmary Inquiry [1] and the finding that general
practitioner Harold Shipman murdered over 200 of his
patients [2]. Rarer adverse events may require cumulative
monitoring over time rather than, for example, examination
of annual data. Historical industrial quality control procedures
have been recommended, such as Shewhart control charts
and cumulative sum (CUSUM) techniques [3,4]. The medical
context does, however, add an additional complexity in the
need to adjust for case-mix in an attempt to avoid clinicians
or trusts being unfairly penalized for treating higher-risk
patients. A common suggestion is to plot the accumulating
difference between the observed number of adverse events,
and the number expected according to an established riskadjustment procedure [5,6]. If concerned with mortality,

for example, this means the cumulative ‘excess deaths’ (or
conversely ‘lives saved’) can be monitored [7].
The problem then arises of setting appropriate ‘thresholds’
on such plots to indicate the need for further scrutiny. These
can be set for a single time point using standard methods
for confidence intervals [8]. However, this does not allow
for the well-known problem of repeated testing in which a
true null hypothesis is certain to be eventually rejected [9],
which in this context could correspond to an unreasonable
number of false accusations of poor performance. The ‘riskadjusted CUSUM’ has been suggested as a technique for
dealing with both risk-adjustment and sequential testing, but
setting appropriate thresholds is not straightforward [10].
In this paper we investigate a risk-adjusted version of
the classic sequential probability ratio test (SPRT) that was
developed for quality control of military supplies in the
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Second World War: this is shown to take the form of a simple
adaptation of a cumulative ‘observed—expected’ plot with
horizontal thresholds. Examples are provided in three monitoring contexts: annual surgical mortality (paediatric cardiac
surgery in Bristol), adverse events in a population (Harold
Shipman’s practice) and individual operations (cardiac surgery
by a group of surgeons). We conclude that the risk-adjusted
SPRT is a simple technique that could be useful within a
clinical monitoring system.

a = log[/(1–)]
b = log[(1–)/]

Formal statistical methods for sequential analysis were developed in 1943 independently by Barnard in the UK and
Wald in the US [11,12]. The SPRT is the most powerful
method for discriminating between two hypotheses [12], and
was recommended well over 40 years ago in a medical context
for clinical trials and clinical experiments [13,14].
The formal procedure has three components: a running test
statistic, thresholds for the statistic that determine statistical
significance, and actions to be taken on crossing a threshold.

The sizes of  and  should reflect the relative ‘costs’ of
making the two types of error. For example, if we wish to
avoid falsely identifying an adequate surgeon as ‘higher-risk’,
then  should be made very small, whereas if we consider it
a very serious mistake to miss a poorly performing surgeon,
then  should be made very small. We have adopted a
convention of equal  and , with illustrative examples given
in Table 1 of the Appendix.
Instead of choosing a single value for  and , a set of
horizontal lines can be drawn on the chart to indicate different
degrees of urgency: for example, a single centre might use
 =  = 0.1 as an ‘alert’ threshold and  =  = 0.01 for
‘alarm’. When monitoring many individuals or centres more
stringent boundaries may be appropriate because of the many
comparisons being made: of 10 centres performing normally,
we would expect one to cross the ‘alert’ boundary by chance
alone. A Bonferroni-like adjustment might suggest, when
monitoring n individuals or institutions, using 0.10/n and
0.01/n for ‘alert’ and ‘alarm’ respectively.

The test statistic

Action

Suppose we have two hypotheses: a null hypothesis H0
corresponding to performance as expected, and H1 to a level
of performance deemed importantly divergent. Wald showed
that the most powerful sequential comparison based on an
accumulating set of data takes the form of a running ‘loglikelihood ratio’ (LLR) [12], which is increased or decreased
after each observation by a quantity depending on the event
observed and, in its risk-adjusted form, the expected outcome
if that event were performance ‘as normal’, i.e. under H0.
This procedure is described in the Appendix. Here, we have
set our example charts to detect a doubling in the relevant
process parameter, purely for illustration. In practice, one
should set a chart to detect the lowest of the range of values
deemed unacceptable.

Strictly speaking, we should pre-specify values for  and 
and stop monitoring once either threshold has been crossed.
An alternative is to restart the procedure when, say, we cross
the lower boundary and so are confident there is no increase
in mortality. This has the advantage that it is not possible to
build up excessive ‘credit’ and so gains sensitivity to changes
in performance, but also has the disadvantage that the strict
interpretation of  and  is lost. However, as we take the
view that any such procedure is only an aid to clinical
monitoring, we shall allow for restarts when crossing the
‘reject H1’ boundary in our examples. However, when
divergent performance has been detected (‘reject H0’) we
shall not assume a restart takes place.
Three datasets are used for illustration.

Materials and methods

Thresholds
Wald showed that sampling should continue if the LLR lies
between two thresholds denoted a and b: when LLR exceeds
b, stop and reject H0 in favour of H1, and vice versa when
LLR is less than a [12]. Thus, the boundaries take the form
of horizontal lines. Using the traditional language of statistical
hypothesis testing, let
 = probability of eventually rejecting H0 when it is true
(Type I error)
 = probability of eventually rejecting H1 when it is true
(Type II error)
If we are willing to choose values for  and , we can use
the following equations, developed by Wald [12], to calculate
(approximately) appropriate thresholds a and b
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Bristol
As part of the Bristol Royal Infirmary Inquiry [1], annual
mortality rates for open-heart surgery on children under 1
year of age were made available from the Cardiac Surgical
Register between 1985 and 1995, and from Hospital Episode
Statistics between 1991 and 1995 [15]. The observed mortality
is for operations performed in the Bristol Royal Infirmary,
whereas the expected mortality rates are the median rates in
11 other centres; no adequate risk-adjustment procedure was
available [16].
Shipman
We consider two analyses of mortality rates for men and
women aged 65 years and over in the practice list of Dr
Harold Shipman using data provided by Baker [17]: firstly,
death between 1977 and 1998 taking place in the patient’s
home or in practice premises and having certificates signed

Risk-adjusted SPRTs

by the GP himself, as compared with the rate of such
certificates signed by a sample of local GPs, and secondly,
all deaths in Shipman’s practice between 1987 and 1998, as
compared with age-adjusted expected rates for England and
Wales.
Cardiac surgeons
There are many available data sets of mortality rates for adult
cardiac surgery [18]. We took a set analysed previously using
the risk-adjusted CUSUM technique [10]. These comprise
the 30-day mortality from individual coronary artery bypass
graft operations carried out between 1994 until 1998, riskadjusted using the Parsonnet system which has been recalibrated on surgery in the same unit between 1992 and
1993 [10]. Data for two surgeons are provided.

Results
Bristol
The cumulative excess mortality in Bristol from the two data
sources is displayed in Figure 1A, which is transformed in
Figure 1B to the SPRT plot for monitoring. There are 12
centres in England performing such surgery, so if such a
procedure were to have been used for prospective monitoring
it may have been reasonable to demand ’s of around 0.01
for ‘alert’ and 0.001 for ‘alarm’. The Cardiac Surgical Register
data crossed the  = 0.05 boundary in 1989, and the 0.001
boundary in 1991, whereas the Hospital Episode Statistics
results crossed the 0.01 boundary in 1993 and passed 0.001
in 1994.
Shipman
The cumulative excess of deaths certified by Shipman at home
or in practice premises from 1977 is shown in Figure 2A,
revealing a steadily increasing pattern for females, particularly
accelerating after 1995. The final totals closely mirror the
conclusion of the public inquiry [2], that Shipman killed, or
probably killed, 180 women and 55 men aged 65 years or over.
There are around 9000 general practices involving 27 000
doctors in England, suggesting that any monitoring procedure
would want to use stringent criteria such as  =  = 0.000001.
Figure 2B shows that the graph for females dying at home or
in the practice crossed this limit in 1985, at which point there
were 41 excess female deaths. At the point where Shipman
was arrested, in 1998, this excess had grown to 174.
However, compared with England and Wales, mortality
rates irrespective of place of death, excess total mortality on
Shipman’s list was broadly in line with national rates between
1988 and 1994 and only started accumulating in 1995 for
women (Figure 3A). Figure 3B shows that the cumulative
LLR thus builds up substantial credit and therefore it is not
until 1997 that an ‘alarm’ threshold of 0.000001 is crossed.
However, by 1992 the test would have confidently concluded
that Shipman did not have a raised mortality rate and the monitoring procedure could therefore have been restarted, and in
Figure 3C we see this could have led to an alarm being raised

Figure 1 (A) Cumulative excess mortality in Bristol for cardiac
surgery on children under 1 year of age. (B) Sequential
probability ratio test for detection of a doubling in the odds
on mortality. HES, Hospital Episode Statistics; CSR, Cardiac
Surgical Register; , false positive error rate; , false negative
error rate.

at the end of 1996, when there were 67 excess deaths in females
aged over 65 years, compared with 119 by 1998.
Cardiac surgeons
In the data sets selected for illustration, surgeon 2 has some
excess mortality early on in the series but made up for this
later on (Figure 4A), whereas surgeon 1 showed some small
improvement in mortality over that expected. The SPRT plot
in Figure 4B shows no evidence for increased risk and an
eventual confident rejection of that hypothesis for both
surgeons. Figure 4C, similarly, shows no evidence for substantially decreased risk: in fact there is a confident rejection
of a decrease in risk at around case 100 for surgeon 2, at
which point it might be reasonable to restart the monitoring
procedure.

Discussion
The techniques discussed in this paper can be seen as a
natural development from control charts and CUSUMs, and
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Figure 2 (A) Cumulative excess death certificates signed by
Dr Shipman: age >64 years and death in home/practice. (B)
Sequential probability ratio test for detection of a doubling
in mortality risk: age >64 years and death in home/practice.
, false positive error rate; , false negative error rate.

naturally complement intuitively attractive plots of cumulative
observed–expected mortality [5,6]. They are easily implemented in spreadsheet programs.
Bristol
The analysis suggests that the divergent performance for
Bristol might have been detected earlier using a simple
statistical technique applied to routinely collected data. However, we note that in practice the Cardiac Surgical Register
results were not available to centres until at least a year has
elapsed, whereas Hospital Episode Statistics were not used
for monitoring purposes.
Shipman
Our first analysis may well over-estimate the mortality attributable to wrongdoing, as there are many innocuous reasons
why a GP might sign more certificates for deaths occurring
at home, say because of his care policy for terminally ill
patients. In addition, there were only between four and six
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Figure 3 (A) Cumulative excess mortality for age >64 years
in Dr Shipman’s practice, compared with England and Wales.
(B) Sequential probability ratio test for detection of a doubling
in mortality risk: age >64 years, compared with England and
Wales. (C) Sequential probability ratio test for detection of a
doubling in mortality risk allowing for restarts: age >64 years.
, false positive error rate; , false negative error rate.

control GPs in any year, so the control group is local
but limited and possibly non-representative. The second
comparison uses national death rates as controls, but could
be insensitive if Shipman’s victims tended to be in poor
health and hence his actions did not increase overall death
rates. This appears to have been the pattern until around
1995. It is important to note that the data used in our analysis
were specially put together after Shipman’s conviction and
no such routine monitoring was in place: in particular, death
certificates do not carry details of the GP and linkage must
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Figure 4 (A) Sequential probability ratio test for detection of a doubling in the odds on mortality, assuming constant baseline
risk. (B) Sequential probability ratio test for detection of a doubling in the odds on mortality. (C) Sequential probability
ratio test for detection of a halving in the odds on mortality. , false positive error rate; , false negative error rate.

be made through the NHS Central Register. Nevertheless,
the results suggest that a simple monitoring procedure could
have led to earlier detection of Shipman’s crimes and a
substantial saving of lives.
Cardiac surgeons
This example demonstrates the importance of adjustment
for pre-operative risk in surgical monitoring. The SPRT that
assumes constant baseline risk, that is, that does not adjust
for risk, suggests that the surgeons are performing divergently.
However, the risk-adjusted version of the SPRT, which does

take into account factors that are beyond a surgeon’s control,
indicates that the surgeons are in fact performing similarly.
The issue of ‘restarts’ is quite complex. Crossing the lower
boundary confirming ‘performance as expected’ is reassuring
but otherwise is not of great interest, and it seems natural
to begin a new monitoring session at that stage in order to
retain sensitivity to changes in performance. However, a
series of such restarts increases the overall chance of a Type I
error eventually to 1 and, because in effect we are avoiding
‘accepting’ the null hypothesis, decreases the Type II error
eventually to 0. If we further encourage restarts by making
 larger, then the behaviour of the SPRT begins to closely
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resemble that of the risk-adjusted CUSUM [10,19]. This latter
technique uses the same form of LLR as the SPRT for
monitoring, but has no concept of accepting the null hypothesis: the scheme is restarted each time it crosses 0, and the
boundaries are set in a pragmatic way. Both SPRTs and riskadjusted CUSUMs warrant further research, particularly as
the approximation underlying the boundaries of the SPRT
may be questionable for Poisson data.
Implementation of such monitoring systems requires goodquality data, as well as specification of thresholds and expected
performance. If a SPRT is being used within an institution then
setting thresholds requires consideration of the seriousness of
each type of error. However, if a central audit body is
examining multiple SPRTs from a number of institutions
then they need to additionally take into account the multiple
comparisons being made. As a rule-of-thumb we have suggested the simple Bonferroni procedure of dividing the error
rates by the number of institutions being monitored, but this
requires further investigation.
The risk-adjustment scheme used to derive expected performance can cause difficulties. For example, if monitoring
GPs, should comparison only be made with other practitioners in the immediate neighbourhood, or those with
similar socio-economic practice lists? An appropriate baseline
is essential for fair comparisons. Finally, Frankel and colleagues claim that a monitoring system may only detect
really extreme divergence [20]. We have somewhat arbitrarily
identified a doubling of risk as being ‘important’, and shown
sensitivity of the procedure even allowing for multiple comparisons.
The SPRT is one of the simplest prospective monitoring
schemes: slightly more sophisticated developments might
include the risk-adjusted CUSUM [10], systematic downweighting of historical cases or shrinkage estimation of rates
towards the average [4,21,22]. Such formal statistical methodology may aid routine monitoring of clinical performance.
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Appendix
Here we describe calculation of the LLR weights for charts
detecting a doubling in the odds or risk ratio (such as the
charts illustrated in this paper), with reference to the cardiac
surgery and Shipman examples. Also, a table giving the values
of the boundaries a and b for various equal  and  is
provided, to illustrate the use of the Wald equations given in
the Materials and methods section of this paper.
Suppose we observe data x1,x2,. . .,xn and wish to compare
two hypotheses H0, H1. Then the most powerful test is based
on the ‘log-likelihood ratio’ LLR = iln(P1(xi)/P0(xi)) where
P0(x) is the probability of observing the data under H0 and
so on.
Consider patient by patient monitoring, such as in the
cardiac surgery example (Bernoulli data). Given that the preoperative risk is p, a doubling in the odds on death is optimally
detected by adding the score −ln(1 + p) to the running

score total if the patient survives, and 0.69−ln(1 + p) if the
patient dies. The value 0.69 is equal to ln(2). For detecting
a halving of the odds on death, this value would be replaced
by ln(1/2). To adjust for risk, we can allow the value of p to
depend on individual patient risk factors such as age, sex and
diabetes status.
For monitoring of aggregate data, such as the Shipman
data (Poisson data), a doubling in risk of death is optimally
detected by adding 0.69O−E to the running LLR, where O
is the observed number of deaths and E the expected number
of deaths over a fixed time interval. Note that this is a simple
adjustment to the cumulative ‘excess mortality’ plot of O−E.
To adjust for risk, we simply use expected counts based on
a suitable comparator (England and Wales averages, for
example) for the risk categories that we are interested in.
Table 1 Thresholds for the running log-likelihood ratio for
different values of  and 
1

2

0.05
0.01
0.005
0.001
0.0001
0.00001
0.000001

0.05
0.01
0.005
0.001
0.0001
0.00001
0.000001

Lower
Upper
threshold,
a
threshold, b
............................................................................................................
−2.94
−4.60
−5.29
−6.91
−9.21
−11.51
−13.82

2.94
4.60
5.29
6.91
9.21
11.51
13.82

Note: H1 is rejected when log-likelihood ratio is less than a and
H0 is rejected when log-likelihood ratio is greater than b.
1
False positive (Type I) error rate.
2
False negative (Type II) error rate.
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